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Abstract

When evaluating partial effects, it is important to distinguish between structural
endogeneity and measurement errors. In contrast to linear models, these two sources
of endogeneity affect partial effects differently in nonlinear models. We study this
issue focusing on the Instrumental Variable (IV) Probit and Tobit models. We show
that even when a valid IV is available, failing to differentiate between the two types
of endogeneity can lead to either under- or over-estimation of the partial effects. We
develop simple estimators of the bounds on the partial effects and provide easy to
implement confidence intervals that correctly account for both types of endogeneity.
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1 Introduction

Probit and Tobit are some of the most popular nonlinear models in applied economics. When
a covariate is endogenous, IV-Probit and IV-Tobit models can be used for instrumental
variable (IV) estimation of the coefficients (Smith and Blundell, 1986, Rivers and Vuong,
1988).1

A covariate can be endogenous for two reasons. First, the covariate can be correlated
with the individual’s unobserved characteristics (unobserved heterogeneity). Second, mis-
measurement of the covariate also results in endogeneity (Errors-in-Variables, EiV). We will
refer to these two types of endogeneity as the structural endogeneity and the EiV. In many
empirical settings both sources of endogeneity need to be addressed simultaneously.

The goal of this paper is to characterize the partial effects in these classic models allowing
for both types of endogeneity, and to emphasize the importance of distinguishing between the
two types. We provide the expressions for the partial effects and average partial effects that
correctly account for the two kinds of endogeneity. Although the two sources of endogeneity
cannot be precisely distinguished using the observed data, we use the constraints of the model
to obtain bounds on the amounts of endogeneity that can be attributed to each source. This
allows us to characterize sharp bounds on the true partial effects and average partial effects,
allowing for both types of endogeneity. We also provide simple estimators of these bounds
and corresponding valid confidence intervals that are easy to calculate.

The primary objects of interest of this paper are the partial effects of the covariates,
rather than the regression coefficients (the coefficients on the covariates). Denote by X the
potentially endogenous covariate, and by X; its mismeasured observed version. Estimation
of the coeflicients on X; and other covariates is a simpler task than estimation of the partial
effects of X;. In particular, in the IV-Probit, IV-Tobit, and related models, to identify and
estimate these coefficients it is sufficient to simply consider X; as the endogenous regressor
of interest without needing to distinguish between the types of endogeneity.?

In nonlinear models, the need to differentiate between the two kinds of endogeneity
arises because structural endogeneity and EiV play different roles. In particular, partial
effects of covariates are averaged with respect to the distribution of the individual unobserved
heterogeneity. On the other hand, one aims to remove the impact of the measurement errors,

since they are not properties of individuals but a deficiency in the measurement process.

'For example, in Stata, these estimators are ivprobit and ivtobit.

2In particular, Smith and Blundell (1986) and Rivers and Vuong (1988) simply consider X; as endogenous.
Similarly, in a recent paper, Chesher, Kim, and Rosen (2023) provide a sharp identified set for the coefficients
on the covariates in a Tobit model with endogeneity under weak assumptions. The approaches of these papers
implicitly allow for mismeasured covariates, as long as the focus is only on the regression coefficients.



The textbook treatment of the problem often focuses only on the first type of endogeneity,
treating endogeneity as purely structural. When X/ is mismeasured, the partial effect of
X} in nonlinear models differs from the effect of X; one would calculate using the standard
formulas that assume the endogeneity is purely structural.

To identify the partial effects of X’ and other covariates one needs to identify the distri-
bution of the true unobserved heterogeneity not contaminated by the measurement error. It
turns out that this distribution is only partially identified. Thus, even though the IV-Probit
and IV-Tobit methods consistently estimate the coefficients on all regressors regardless of
the sources of endogeneity, the effects of the covariates on the outcomes are only partially
identified. The width of the identified set depends on how hard it is to disentangle structural
endogeneity and EiV for the data at hand. Importantly, we find that naively ignoring the dis-
tinction between the two types of endogeneity can result in both under- and over-estimation
of the magnitude of the partial effects by these IV estimators.?

IV-Probit and IV-Tobit can be interpreted as control variable estimators. Partial effects
in general control variable models were considered by Blundell and Powell (2003), Chesher
(2003), Imbens and Newey (2009), and Wooldridge (2005, 2015), among others. These con-
trol variable methods focus on structural endogeneity exclusively but do not consider EiV.
The problems of estimation with structural endogeneity or measurement errors are studied
by two large but (mostly) distinct literatures in econometrics, see, e.g., Matzkin (2013) and
Schennach (2020) for reviews. In nonlinear models, accounting for both types of endogeneity
is challenging, see, e.g., Schennach (2022). Exceptions include Adusumilli and Otsu (2018);
Song, Schennach, and White (2015); Schennach, White, and Chalak (2012); Hahn and Rid-
der (2017). These papers obtain point identification results when the distribution of the
measurement error is either known or can be recovered from repeated measurements using
the lemma of Kotlarski (1967). Such datasets, however, are relatively rare.

Control variable methods in nonlinear models typically require the endogenous variable
to be continuously distributed (e.g., see Imbens and Newey, 2009, for a discussion). This
limitation also applies to our framework: the mismeasured endogenous variable X; is as-
sumed to be continuously distributed. Other covariates can be discrete. Note that properly
accounting for both types of endogeneity of X; is essential for characterizing ceteris paribus
effects of all covariates, including the discrete ones.

The advantage of gaussian nonlinear models is their simplicity and transparency, which
makes them a convenient starting point in an empirical analysis. Our approach in particular

provides the researchers with a simple way to gauge the importance of properly accounting

3Wooldridge (2010), page 586, alludes to the potential importance of the sources of endogeneity for the
partial effects in IV-Probit, but does not elaborate.



for the two types of endogeneity, which is essential given the ubiquity of both in economic
applications. In addition, for the settings where relaxing gaussianity is important, we de-
velop an extension of our approach that allows both the first stage unobservables and the
measurement errors to be non-gaussian.

The rest of the paper is organized as follows. The analysis of partial effects in the Probit
and Tobit models is virtually identical, thus we first focus on Tobit in Sections 2-3. Section 4
then considers the Probit model. Section 5 extends the analysis to cover the average partial
effects and other counterfactuals. Section 6 provides some Monte Carlo simulation results.

Section 7 presents an empirical application. Section 8 relaxes gaussianity assumptions.

2 The Model

The Tobit model is often used for estimation of economic models with a “corner solution,”
i.e., models where the outcome variable Y; is forced to be non-negative. The examples of
such dependent variables Y; include the amounts of charitable contributions, hours worked,
or monthly consumption of cigarettes.

First, consider the standard Tobit model with exogenous covariates and without EiV:
Yi =m0 X + 0p,W; + U), where m (s) = max(s,0), (2.1)

the individual unobserved heterogeneity U} has a normal distribution N (0,c%.) and is in-
dependent from the covariates X, and W;. We use the asterisk to denote variables that will
be affected by the EiV, as we explain in detail below.

We collect the covariates in a vector H} = (X, W/)’, so (2.1) can be written as
Yi=m (H(I)Hz* + Uz*) ) Hz* = (Xz*v Wi/)lv 0o = (9017 62)/'

We denote the standard normal cumulative distribution and density functions by ® and ¢.*

In the Tobit model, one is usually interested in the partial effects (marginal effects) of
covariates H on E (Y;|H}) and P (Y; > 0|H;). For concreteness we consider partial effects
of the continuously distributed covariates.

The partial effect of the j* covariate on the mean E (Y;|H} = h) at a given h is

PE™ (n) = a%j /m (665 + u) fu- (u) du = © (WL) Oo;- (2.2)

Oy*

4Most of the analysis in Sections 2 and 3 equally applies to the Probit model. For simplicity of exposition,
we focus on the Tobit model for the moment, and then discuss Probit in Section 4.
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The partial effect of the j* covariate on the probability P (Y; > 0|H} = h) is

PE (h) = 2 / L{OLh +u > 0} fu- (u)du = ¢ (96h> Yo (2.3)

8hj oy* oy*

These formulas for the PE; are standard, see, e.g., Wooldridge (2010), for detailed calcula-
tions. Most often one considers the partial effects at the means of the covariates h = E [H}]
or partial effects averaged with respect to the distribution of H;.

When X} is correlated with U and we observe data (Y;, X/, W;, Z;), the IV-Tobit model
can be estimated using instrumental variables Z;, as proposed by Smith and Blundell (1986),
Newey (1987), and Rivers and Vuong (1988). Assume that

Vi = m(0nX] +0,Wi+Ur), m(s)=max(s,0), (2.4)

2

where V* is a normal random variable, possibly correlated with U,

Ur 0 Z, w7
i) on NG CR RN (2.6)
‘/i* 0 Oy*y* 0"2/*

and (U, V;) is independent from (Z;, W;). In this model X} is continuously distributed.
The IV-Tobit model in (2.4)-(2.6) can be estimated using a random sample of
(Y, X7, W, Z;) in two steps, see, e.g., Wooldridge (2010). First, one estimates V;* in equa-
tion (2.5) by the residuals V;* in the regression of X on (W;, Z;). Note that we can write
Ur = ef + 0y V*, where Oy« = oy«p+/ob., and e} is independent of Z;, W;, and V;* (and

hence of X7). Then, one estimates the standard Tobit model
Y =m (01 X7 + 0o Wi + 0y Vi + €5,

where V;* are replaced by their estimates ‘A/Z* (Alternatively, the two steps can be combined
and all of the parameters can be estimated simultaneously by the Maximum Likelihood
Estimator.) The reason this approach works is that equation (2.5) creates a control variable
V.*, and the inclusion of V;* in the above equation makes X exogenous.

To estimate the partial effects, one would plug the estimates 9 and 0%. into equa-
tions (2.2)-(2.3) in place of 6y and ..

So far we were assuming that the data has no measurement errors. We now allow X to



be mismeasured, i.e., that instead of X} we observe its noisy measurement Xj:
Xi = XZ* —+ Ei, E; N (0,0’3) . (27)

We assume that ¢; L (U, V*, W,, Z;), i.e., the measurement error is classical. The normality
assumption simplifies the analysis but it is not crucial. We relax it in Section 8.

Note that the researcher’s object of interest has not changed: the goal is to estimate the
partial effects defined in equations (2.2)-(2.3). The structural endogeneity and measurement
errors are difficulties that an estimation procedure needs to overcome. In particular, note

that we are interested in estimation of the effect of X and not in the effect of the error-laden
X;.5

3 Analysis of the Model

First, we use the model in equations (2.4)-(2.7) to obtain the model in terms of the observable

X;. Since X} = X; — ¢;, we can rewrite (2.4) as

Vi = m(0uX] +00,Wi+ U) = m (00 X; + 00, Wi — Onei + UY)
= m (801X¢ + 062VVZ + U,) s

where U; = U — 0p1¢;. Let V; = V;* + ¢;. The model in equations (2.4)-(2.7) can be written

as

Xz' = 76121' + 7T(/)2Wi + ‘/Z', (39)

U, 0 2
~ N NCERCIa R (3.10)
‘/i 0 oyv 0"2/
The definitions of U; and V; imply that

2 2 2 2 2 2 2 2
o = 0« + 05,02, oy =oy. +0Z, oyy = oysyx — 010, (3.11)

Note that variables X;, U;, V; are the analogs of the true variables X*, U*, V.* that arise

due to the measurement errors ¢;. In the absence of measurement errors, i.e., when &; = 0,

This is similar to the linear regression settings, where one would be interested in the effect of X; on Y;.
The slope coefficient in the OLS regression of Y; on X is not the object of interest because it is subject to
the attenuation bias due to the EiV (and also possibly due to the endogeneity of X ).



we have X; = X', U, =U, V, = V"

The model in equations (3.8)-(3.10) can be estimated by MLE or using the control variable
two-step approach described earlier. Specifically, both approaches will consistently estimate
parameters 6, and the covariance matrix of the unobservables in equation (3.10), i.e., o7,
oyv, and 0‘2/.

Note that because the model is nonlinear, the marginal effects defined in equations (2.2)-
(2.3) depend not only on 6y but also on o7.. Thus, even though the available data
(Y, X;, W, Z;) allows immediately estimating 6y, we cannot obtain the marginal effects be-
cause we do not know o7.. Naively using an estimate of o7 in place of o7. would lead to a
biased estimate of the partial effects, since o7 > o7, as implied by equation (3.11).

The problem with identifying o7. is that the data only allows identification of the 3
parameters o7, opy, and o. However, the distribution of the true (U}, Vi, g;) is governed
by 4 parameters: o#., oy«v+, 0o, and o2. Thus, one cannot uniquely determine these 4
parameters from the 3 equations (3.11). In other words, models with different values of

o? are observationally equivalent: they correspond to identical distributions of the observ-

=
ables (Y;, X;, W, Z;) even though they imply different values of true o7.. Thus, one cannot
uniquely determine (i.e., point-identify) o7. from the data (Y;, X;, W;, Z;). Correspondingly,
one cannot point-identify the partial effects, which depend on 7.

Equations (3.11) provide restrictions on 0., which we will use to provide bounds on the
possible values of true o7., and hence on the values of the partial effects.

Bounds on ¢7. From equations (3.11) the upper bound on 7. is 7. < o%. We now

obtain the lower bound on oZ.. In particular, we look to find the smallest o7. that satis-
fies equations (3.11), Cauchy-Schwarz inequality o7 < 0#.0%., and the non-negativity

constraints o7. > 0, 0%, >0, and o2 > 0. Let pyy = corr (U, V).

Proposition 3.1 Suppose |pyy| < 1 in model (3.8)-(3.10). Then the sharp identified set
for o?. is given by

UIZJ* S [g%]*,alﬂ ,

where

2
2 _ (901‘7UV + UIQJ) 2 2 2
. = ma , -0 . 3.12
QU x { 0"2/931 + 20(]\/901 + Ul2] OU 010\/ ( )

Proposition 3.1 provides the bounds in terms of the quantities that can be estimated
using the data (Y;, X;, W, Z;). Condition |pyy| < 1 guarantees that the denominator in the

fraction above is positive. The proof of Proposition 3.1 also provides bounds on oy« + and

2
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Correct Partial Effects We now use the bounds on ¢7. from Proposition 3.1 to obtain
the bounds on the partial effects, in terms of the parameters that can be recovered from data.
For simplicity and concreteness of exposition, we first consider partial effects evaluated at
some fixed values of covariates. We consider average partial effects and other counterfactuals
of interest in Section 5.

For a given o7., the partial effects for the j covariate are defined as in equations (2.2)-
(2.3),

0)h

o+

0yh\ 0o,
) fo; and PE)" (h,0(.) = ¢ <L> L (3.13)

oy+ oy*

PE (h,o(.) = ® (

The lower and upper bounds for partial effects for the j' covariate, PE; (h), are computed

as
Ug*er@i%n* ] PE; (h,07.) and 0(2]*€m[gz%>f’g2lj] PE; (h,03.) . (3.14)

Function PES°" (h,0f.) in (3.13) is a monotone function of 0., so the minimum and
maximum in equation (3.14) are achieved on the boundaries of interval [o7., o7 ].

Function PE}” (h,0f.) in equation (3.13) is not monotone in of., but the bounds in
equation (3.14) for PE}™ (h) can also be simplified. The minimum and maximum over 0. €
(0%, 0%] can be attained only at oZ. = 0., at 0. = of, and, when (6)h)* € [a?.,0?],
at 0. = (#,h)®. Thus, one only needs to evaluate PE}™ (h,0f.) at these 2 or 3 points to
calculate the minimum and maximum in equation (3.14).

Since oy > oy+, naively using oy instead of oy« when calculating PE]-TOb (h), would lead
to attenuation bias when 6yh > 0, but would bias PE®" (h) away from zero when A < 0,
i.e., the EiV would make naive PE[°" (h,0f;) over-estimate the partial effects PEJ°" (h) in
the latter case. Likewise, for the probability, naively using PE]PT (h,o%) can both under-

and over-estimate the true partial effect PE}™ (h).

Estimation Using the standard two-step or MLE approaches described in Section 2, one
obtains the estimates of 6y, 0%, 0%, and oy (and of their variance-covariance matrix for
inference). Then, from equation (3.12) one obtains the estimate of o%..

For a given value of ., the estimated partial effects would be

PE." (ho?.) = @ (“) 6, and PE. (hob)=o (“) i, (3.15)

oy* oy*



Then, the estimated bounds on PE; (h) are

min @j (h,v) and max ]/DEj (h,v), (3.16)
ve[ay 7] ve[ay 5%
where the minimum and maximum are easily computed using univariate numerical opti-
mization. For the partial effects in equation (3.15), these extrema can also be computed as
described under equation (3.14).

For example, one often considers the partial effects at the mean values of covariates taking
h=(X,W'), where X and W are the sample averages. Note that E [X;] = E [X}].
Inference To provide a simple method for inference about the partial effects, we adopt a
Bonferroni approach (e.g., McCloskey, 2017). This approach allows us to avoid computa-
tional challenges that often arise in the context of subvector inference in partially identified
models. The construction of a 1 — o confidence interval for a partial effect PE;(h) proceeds

in two steps:

0'2*
1. Pick oy € (0, ) and construct C'I;

11—y

the bounds provided in Proposition 3.1.

a 1 — oy confidence interval for o7., based on

2. Construct a 1 — o confidence interval for PE;(h) as the union C Ii ij(h)
PE;(h PE.(h .
a?]*eCIf?f* 1_(26(_2}1) (0%.), where C’]l_(;(_)al) (0%.) is a standard 1 — (o — o) confi-
Yo

dence interval for PE;(h) based on f’Ej (h,0%.) in equation (3.15) for a given 0.

We now provide the implementation details for each step.

Step 1. The confidence interval for o7. is constructed based on the bounds given in Propo-
sition 3.1. As the upper bound, we take 67 + 2z1_q,/2 X 521 where Ss2 18 the standard
error of 67, and zi_a, /2 is the 1 — a1/2 quantile of the standard normal distribution.
The lower bound is based on &7,. = max{él,ég}, where él and 52 are the plug-in esti-
mators of the two terms on the right hand side of equation (3.12). Note that fl and fg are

(generally) jointly asymptotically normal and their asymptotic variance-covariance matrix

®

o We take

2
can be computed using the delta method. Then, as the lower bound of C’Iff
max{él — Cl_ay/2 X Sg, 52 — Cl—a; /2 X 552}. Here S¢, and Sg, are the standard errors of él and
&, and Ci—a, /2 is the 1 — a; /2 quantile of max{n;, 72}, where (1;,7,) are jointly normal with
unit variances and correlation pg ¢, and pg ¢ is an estimator of the correlation between 51

K 1,62 §1,82
and & (e.g., see Romano and Wolf, 2005). By a standard argument, the confidence interval

for of. given by

0'2* = "~ ~D
C'Ilfal = |:1’I1&X {51 —Cl—o/2 X Sél,fg — Cl—qay/2 X 55”2} y 07 + Rl—ay/2 X 5&[21

9



has asymptotic coverage at least 1 — «; for the true oZ.. In the numerical illustrations we
take ag = a/10.
Step 2. First, the standard C 17" (02.) is 1PEs ™) (02.) Jul B (02.)| constructed

1—(a—aq) 1—(a—aq) 1—(a—az)

by adding and subtracting zi_(a—a,)/2 X SR, (ho?.) from @j(h, 0%.). The standard error
: U=
SBE; (ho?.) of PEj(h, 0%.) can be computed using the delta method. Then we can construct

C[PE h)

[PEi(h)
1—(a—az)

C’Iffj(h) = min2

o2.ecr

(03), max, WEO ()],

o?.ecnV

lal 1041

where the minimum and maximum are easily calculated using univariate numerical opti-
mization over o7.. By the standard Bonferroni argument, the confidence interval CT; P (h)

has asymptotic coverage of at least 1 — « for the true partial effect PE;(h).

The constructed confidence interval is asymptotically valid as long as (i) the first step
confidence interval C'I i’al covers the true 7. with probability at least 1—a; asymptotically,
and (ii) the delta method applies to ﬁj(h, o?.) for the true of.. Both conditions are
satisﬁed provided that the true o?. is bounded away from zero. Note that in this case

PE; (h)

C] v, is valid even if Oy oy + o? is equal to (or local to) zero, which implies that CT;

is also valid.

4 Probit

IV-Probit model is the same as IV-Tobit except m (s) = 1{s > 0} in equation (2.4). Since
Probit is a binary outcome model, in equation (3.8) one needs to impose a scale normaliza-
tion, for example, [|6p|| = 1 or o7 = 1. For both of those normalizations, 6, and the other
reduced form parameters are point identified, and the sharp bounds for o7. are given by
Proposition 3.1 as before.

For Probit, we are interested in the partial effects of covariates on the probability of
Y; = 1, which are given by PE}" (h) in equation (2.3). Similarly to the IV-Tobit model, the
IV-Probit model can be estimated by MLE or by the two-step approach identical to the one
described in Section 2, except the second step uses the standard Probit estimator in place
of the Tobit estimator. Then the bounds on PE}* (h) are estimated as in equation (3.16).

Confidence intervals for PE]Pr(h) can be computed exactly as described above.

10



5 Average Partial Effects and Other Counterfactuals

In addition to the partial effects at a given h, researchers are often interested in the Average
Partial Effects

APEJ.TOb =E [PE]-TOb (H;)] and APEJPr =E [PE]Pr (H)], (5.17)

which are the partial effects PE; (h) averaged with respect to the distribution of H;} =
(X, W!)'. Define

APE!* (0}.) = E[PE*" (H},0}.)| and APE;" (0}.) = E [PE}" (H},00.)] .

Note that the distribution of X; is not directly observable due to the EiV. Averaging
PE; (h) with respect to the distribution of the observed H; = (X;, W/)" would result in
biased estimators of the APEs. To account for this, in the Appendix we show that these
APEs can be calculated as

[ (o, Zi+ (0 Bo2)' Wi
APE™ (o2.) = B |@ [ BT Zit Gumoe & ) Wi | - (5.18)
i V200, — ap + 05,07
APEP (o3.) = B | [ P Zi £ Boime + Goa) W, o . (5.19)
I V20%. — 0% + 0% 0% V20%. — 0% + 0% 0%

Hence, for any given value of o7., these APEs can be estimated by

~ R N/
n (672 + (917%2 + 92) W,

_——Tob 1

) R
APE; (o) =~ @ — 0,
i=1 \/20[2]* — 6% + 0363
~ ~ ~ /
w0zt (074 65) W j
A/P\Ejr (O'ZQJ*) :lng 172 + (012 + 0 0; ‘
[t \/202 — 62 + 0262 \/202 — 6% + 6262
U+ — Oy T U100y U+ — Oy T Uioy

Finally, the estimated bounds on the APEs are obtained by finding the minimum and max-
imum over o7. € [O'U ,0%]. These can be easily computed numerically, since APE (v) are
smooth functions of a scalar argument v. Our two-step approach to inference also applies to
the APEs with a minimal modification. The only difference is that in Step 2 the construction

of the standard error s 5= as usual needs to account for the sampling variability in

arg, (0-)
both the parameter estimators and the data entering the expressions for the APEs directly.

It is also straightforward to apply our analysis to other counterfactuals, including partial

11



effects and APEs of discrete covariates, as well as to the ordered Probit and two-sided Tobit
models. Proposition 3.1 and the bounds on 7. remain the same, and hence the estimation
and inference procedures remain unchanged, except for different formulas in equations (3.13)-

(3.16) corresponding to the counterfactuals of interest.

6 Numerical Illustration

We simulate a Tobit model with endogenous and mismeasured X/, as in equations (2.4)-
(2.7), with W; = 1, Z; ~ N (0,1), (6o1,002,0v+, 00+, 0,701, T02) = (2,1,1,1,1,1,0), and
n = 1000. Figure 1 plots the results for the Partial Effects (PEs) of X/ at the population
mean values of the covariates.

We consider a range of designs corresponding to the true values of py«y« € [—0.95,0.95]
on the horizontal axis. For each py«y«, the figure shows the true PE (“true”), the true
(population) bounds for the PE obtained using Proposition 3.1 (“true bounds”), as well as
the medians over the Monte Carlo replications of the estimated lower and upper bounds on
the PE (“LB” and “UB”) and the corresponding 95% confidence intervals (“CI”) based on
the two-step IV-Tobit estimator. The true bounds for the PE are calculated using the point
identified parameters 0y, 0%, oyy, and oi, see equations (3.8)-(3.10). For comparison, we
also include the results for the PE calculated using the standard naive IV-Tobit estimator
(“naive”) and the corresponding confidence intervals (“CI naive”). The “naive” estimators
of the partial effects are ﬁl\flTOb (h,0%) and ﬁfr (h,0%), i.e., they replace of. with o7 in
equation (3.15).

Figure 1 (a) shows the bounds on PE;°" (h), while Figure 1 (b) considers PE}™ (h).
As expected, the true PE is between the lower and upper bounds for all values of pysy«.
By construction, the “naive” IV-Tobit estimator of PE" (h) coincides with one of the
bounds. In both panels, the “naive” estimates are below the true values for every pysy-,
and the “naive” IV-Tobit confidence intervals do not include the true PE. In this design, the
identified set and the confidence intervals for the true partial effects are much wider than
those of the “naive” estimator. The relative width of the identified set and the confidence
intervals depends on the specific parameter values. In contrast to these simulations, in the
example of the next section, the identified set is very narrow and the confidence intervals for
the partial effects have width similar to those of the naive estimator.

To gain some intuition about the shape of the bounds in Figure 1, notice that when
001 > 0, measurement error in X} introduces a negative correlation between X; and U;.

Thus, observing pyy > 0 is only consistent with py«y+ > 0, but not with py«y+ < 0, i.e.,

12
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Figure 1: Simulation results for partial effects on: (a) expectations, PE,?lob (h), and (b) probability,
PEYT (h). Values of py+y+ are on the horizontal axis.

implies positive correlation due to the structural endogeneity. On the other hand, observing
puv < 0 can be explained both by the effect of EiV combined with py«y+« 2 0, and by
pu~v+ < 0 without any EiV. Thus, when pyy < 0 it is harder to disentangle structural
endogeneity and EiV. As a consequence, the true and the estimated correct bounds on the

PEs in Figure 1 are wider for the negative values of pyy«.

7 Empirical Application

We illustrate the proposed methods in the classic application estimating the Tobit and
Probit models for women’s labor force participation. Using NLSY97 we construct an up-
to-date dataset similar to the well known dataset of Mroz (1987), who estimates Tobit and
related models to explain married women’s hours of work. The data contains 1185 women
continuously married in 2018, 76% of which report working non-zero hours. For Tobit, the
dependent variable is the number of hours worked (hours), and for Probit, the dependent
variable is working at some point during the year (1{hours > 0}). In both models, the
covariates are age, education, experience, experience squared, nonwife income in thousands
(nwifeinc), number of children less than six years of age, number of children between 6 and
18 years of age, race-ethnicity indicator variables, and an intercept. Nonwife income could be

correlated with the unobserved characteristics (structural endogeneity), and income variables
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are also known to be frequently mismeasured. Spouse’s years of schooling, speduc, are used

as an instrument for nwifeinc. This specification is used in, e.g., Wooldridge (2010).

Tobit | IV-Tobit CI for IV-Tobit | [LB, UB] for APE  CI for APE
nwifeinc | —1.40 —4.55 [—7.78,—1.32] [—4.63, —4.55] [—8.22, —1.12]
educ 27.6 40.5 [18.2,62.9] [40.5,41.3] [16.6,66.2]
exper 171 175 (124, 226] [175,178] [119, 236]
exper2 | —0.908 | —1.47 [—3.53,0.597] [—1.49,—1.47] [—3.71,0.674]
age —105 -90.9 [—131, —51.1] [—92.5,—90.9] [—135, —49.3]
Table 1: Tobit. Average Partial Effects on Expectation. n = 1185.

Tobit | IV-Tobit  CI for IV-Tobit | [LB, UB] for APE CI for APE
nwifeinc | —0.028 | —0.094 [-0.166,—0.023] | [-0.094,—-0.092] [-0.167,—0.022]
educ 0.555 0.840 [0.346, 1.33] [0.822,0.840] [0.322,1.35]

exper 3.43 3.63 [2.68,4.59] [3.55, 3.63] [2.63,4.68|
exper2 | —0.018 | —0.030 [—0.072,0.012] [—0.030, —0.030] [—0.074,0.013]
age —2.12 —1.88 [—2.72,—1.05] [—1.88, —1.84] [—2.77,—0.933]

Table 2: Tobit. Average Partial Effects on Probability. All numbers are multiplied by 100. n =

1185.

Probit | IV-Probit CI for IV-Probit | [LB, UB] for APE  CI for APE
nwifeine | —0.033 | —0.102  [=0.211,0.007] | [=0.105,—0.102] [—0.234,0.014]
educ | 0321 | 0.620 [—0.150, 1.39] [0.620, 0.641] [—0.196, 1.53]
exper | —0.672 | —0.488  [-1.81,0.831] | [~0.504,—0.488]  [—1.99,0.941]
exper2 | 0.208 | 0.191 [0.121,0.260] [0.191,0.197] [0.119, 0.285]
age | —2.73 | —2.37  [-3.68,—1.05] [—2.44,-2.37]  [-3.94,-0.997]

Table 3: Probit.
n = 1185.

Average Partial Effects on Probability. All numbers are multiplied by 100.

Tables 1-2 contain the results on average partial effects for Tobit. Table 1 contains the
results on average partial effects on expectation, APET® while Table 2 contains average
partial effects on probability, APEY*. In both tables, the first column (“Tobit”) provides the
average partial effects for different covariates in the standard Tobit MLE where all covariates
are assumed to be exogenous. The remaining columns are based on the two-step IV-Tobit
estimator, where speduc is used to instrument for the endogenous nwifeinc. The second

column (“IV-Tobit”) contains the naive estimators of the average partial effects, followed
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by the 95% confidence intervals (column “CI for IV-Tobit”). Column “[LB, UB] for APE”
provides the proposed estimated bounds for the average partial effects that account for both
types of endogeneity. The last column contains the corresponding confidence intervals for
the average partial effects.

In both Tables 1 and 2, we observe that the confidence intervals for the correct average
partial effects at the mean are only slightly wider than the naive ones of IV-Tobit. In
particular, using the correct inference approach does not change any of the conclusions
about the effects of the variables being statistically significant.

Table 3 contains the corresponding results for Probit. Again, the confidence intervals for
the correct partial effects are not much wider than the naive ones, and as before, using the
correct inference approach does not change any of the conclusions about the effects of the
variables being statistically significant.

Overall, we find that the proposed valid confidence intervals for the APEs are only slightly
wider than those obtained from the naive (and generally invalid) IV-Tobit/IV-Probit esti-
mators. The point estimates of the valid bounds in columns “[LB, UB| for APE” are narrow.
We interpret these results as (strong) evidence in favor of practical usefulness our method.
Practitioners often worry that methods providing partial identification of parameters of in-
terest achieve robustness at the cost of producing bounds that are too wide to be useful in
practice. Our empirical application shows that this concern need not be an issue for our
method.

8 Relaxing Distributional Assumptions

We have considered the classic IV-Tobit and IV-Probit settings, which require V;* and ¢; to
be Gaussian in order for V; and U; to be Gaussian, as in Smith and Blundell (1986), Rivers
and Vuong (1988), and Wooldridge (2010). However, at least in the model without EiV,
the control variable approach does not require V;* to be Gaussian. Likewise, we would like
to relax the assumption of Gaussianity on ¢;. In this section we propose an approach that
weakens the distributional assumptions, while still providing a simple method for computing
the identified set for the partial effects of interest. We focus on the IV-Tobit settings.

We model the joint distribution of U and V;* as a mixture of J bivariate normals.

7

Specifically, the joint p.d.f. of U* and V* takes the form
J

foeve(u,0) = pye o, v; preve g, Sueve ),

J=1
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where py- ; > 0 are the mixing weights, and

2
o 0 3 o O OUu*v+,j
Hu=v=j = ) U*V*j = 9 )
Hy=,j Ouxv=j Oy=;

and ¢(-,;pu, X)) stands for the p.d.f. of a bivariate normal with mean g and variance-
covariance matrix X. Notice that in this parameterization the marginal distribution of U} is
N(0,0%.) as in the standard Tobit model, whereas the marginal distribution of V;* is flexibly
modelled as a mixture of J normals. Since oy«y-; can vary over j, this model also allows
rich patterns of dependency between U and V;*. Similarly, we model the distribution of ¢;

by a mixture of L normals:

L
5) = Zps,€¢(g; He g, 052,2)7
/=1

where p., > 0 are the mixing weights, and ¢(-; u,0?) stands for the p.d.f. of a N (u,c?)
distribution, and we denote the corresponding c.d.f. by ®(-; u, o?).

Since ¢; is independent from (U, V;*), the joint distribution of (U;,V;) =
(U} — bp1€;, V¥ + ;) is a mixture of J x L bivariate normals, and its p.d.f. is given by

L
ZPV*JPE 0@(u, v; puvje, uve), where

M&

fUV(ua U)
Jj=1 ¢=1
—0 o2 ., oyva
| BUe 01Me 0 5 . U,jt Uv,jt
Huv,je = = ) Uv,ie = ) ,

v, je My 5+ Hee ouve Oy

2 _ 2
O'U,]K O-U* + 9010€f7 O-ij JV* + U O'UVJ[ — UU*V*,j - 6010—8,K' (820)

We impose standard constraints 2‘].]:1 pv+; = 1 and ZZLZI Pey = 1. In addition, we need
location normalizations on the distributions of V* and ¢;. We follow the standard ap-
proach and assume that F [V;*] = 0 and E [¢;] = 0, which are imposed by the restrictions
ijl py+jpv+; = 0 and 25:1 Desttes = 0. Alternatively, it is possible to normalize the
medians instead of the means. For example, the restriction ZEL=1 Pe.0D(0; ua@,ag’e) =1/2
imposes normalization median (¢;) = 0, which in particular allows ¢; to be a non-classical
measurement error.

This model naturally generalizes the classic Gaussian model considered in the previous

sections. Taking J = 1 restricts V;* to be Gaussian. Taking L = 1 corresponds to ¢; being

6Tt is also possible to impose a normalization on the modes of the distributions of ; and/or V;*, although
this is less convenient computationally.
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Gaussian.
Thus, we consider the IV-Mixed-Tobit model that consists of equations (3.8)-(3.9) and

replaces equation (3.10) with the assumption that

K 2
MUk g OUV,k
fov(u,v) = E PeP(U, V; Loy, Suvik), UV = ( > . XyvE = < Uk ) ,

E=1 vk OUVk U‘Q/J;
(8.21)

where S8 prugvie = (0,0) and Son  pp = 1.

First, we discuss identification of the parameters of the above IV-Mixed-Tobit model. As
in Section 3, 7y is immediately identified by the first stage regression of X; on Z; and W;.
Identification of the remaining parameters is less straightforward and is established by the

following proposition. This identification result appears to be new.

Proposition 8.2 Suppose mo; # 0 and E[(Z], W) (Z!,W!)] has full rank. Then parameters
0o, T, and {pk,MUV,mZUV,k}kK:l are identified (up to relabelling of the mixture components
indexed by k).

Proposition 8.2 establishes identification of parameters 0y, 7o, {pk, Lov.k, Zov, k}le. These
parameters can be estimated by the MLE. The log-likelihood can be optimized using the EM
algorithm commonly employed for estimation of mixture models. Alternatively, for moderate
K, it is also feasible to optimize the log-likelihood directly since both the log-likelihood and
its Jacobian are available in closed form. From a practical perspective, we do not recommend
models with large K, because Gaussian mixture models are known to be highly flexible even
with relatively small K.

Our goal is to provide bounds on the partial effects. To do this, as in Section 3, the key
is to construct the identified set for o7.. Notice that, for every k, Xy is equal to Xy ;¢ for
some j and ¢ satisfying the restrictions given by equation (8.20). Since these restrictions have
the same structure as the ones in equation (3.11), we can apply the result of Proposition 3.1

with a given Yy to construct an identified set for . given by

I, = [Q?J*Jc? U?]Jc} )

where g7, is computed as in equation (3.12) with o7, 0%, and oyyy in place of o, o,
and oy, respectively. Hence, we can construct an identified set for o7, by intersecting 7y

for k € {1,..., K}, i.e., the bounds for ¢7. can be constructed as

2 — 2 9
o« €1 = mIk = [mI?XQU%,mkm Okl - (8.22)
k
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Proposition 8.3 The identified set for o?. given by equation (8.22) is sharp.

Once the identified set for o7. is constructed, the rest of the analysis follows as in the
Gaussian model in Sections 2-3. In particular, sharp bounds for the partial effects are
constructed as in equation (3.14) with Z as the identified set for o7.. That is, the lower and

upper bounds for partial effects for the j covariate, PE; (h), are given by

min PE; (h,0?.) and max PE; (h,o2.).

o3 €L / ( v ) o3 €L / ( v )
Note that set Z is a closed interval, as in the original IV-Tobit model. Thus, the discus-
sion concerning the implementation of the identified sets for the partial effects that follows

equation (3.14) also applies to the IV-Mixed-Tobit model of this section.

9 Conclusion

Both structural endogeneity and mismeasurement of covariates are pervasive in economic
data. Estimating partial effects and other counterfactuals using such data is an important
practical problem. This paper addresses the problem in the classic Probit and Tobit models.
The relative simplicity of these nonlinear models allows for transparent analysis and practical
solutions. The paper provides simple estimators and confidence intervals that are easy to
implement. The paper also shows how the proposed solutions can be extended to settings

with non-Gaussian unobservables.
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A Appendix

A.1 Proof of Proposition 3.1

Note that 7.y« < o%.0%. combined with equation (3.11) implies

2 2 2 2 2 2 2 2 2\2
= ojoy — ofy — 02 (o965, + 200v001 + 07) , and hence
2 2 2
o570t — O
0 < 03 < vlv Uuv (A.l)

0202, + 200v 00 + 0F

Since |pyy| < 1, the denominator in this fraction is positive. Since 02 < o, let

2 9 2
_ . oLoY — 0
o2 = min 22UV UV 2,0‘2/ .
o 05, + 200y 001 + of
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Then

ot < o < of, o} = max {op, — 63,52,0} . (A.2)
Note that
2
52 g otol — oty _op +2080uv00 + 05,00y (borovy + 0F)
v 01 o202 + 200y 00 + UI2J 02.0% + 20pv 00 + oF o2.0% + 20pv 00 + a%'

Thus, 7. in equation (A.2) can be equivalently written as

212

2 _ (Gorovv + 077) 2 2 2

O+ = Max { —5 5 5500 — 00107 ¢
O—VHOI + 20UV901 + O

where the fraction is always non-negative, ensuring that o%. > 0. Similarly, equation (3.11)
implies that o+« is bounded between opy and oy + 0g15>.

Notice that, by construction, [o%.,0%] is a valid identified set, i.e., the requirement
0t € [af, 0F] is necessary: any of. ¢ (o7, 0f] would violate at least one of the necessary
primitive requirements considered above.

Next we show that the constructed identified set for o%. is sharp, i.e., for any o7, €
la?., 0% there exist compatible 0. > 0, 02 > 0 and oy«y- satisfying o7 < of.0p.
consistent with the distribution of the observables, i.e., such that equation (3.11) holds.
First, notice that if 6y, = 0, o3 = o7, so the identified set for o7.is a singleton and, hence,
it is sharp. Suppose that 6y; # 0. Consider any of. € [gf.,0%]. Solving for o2, of. and

op+v+ from equation (3.11) gives
0l = (05— 0p:) /001, oV =0v —(0f —00:) /01, vy = oy + (0 — 05) /O (A.3)

Together, these define a (valid) data-generating process (2.4)-(2.7) that is observationally
equivalent to the data-generating process in equations (3.8)-(3.10). Thus, the identified set

[0%,., %] is sharp. O
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A.2 Derivation of equations (5.18) and (5.19)

H O X7 + O W,
APE™ (52.) = E @(9 )90]} _E{ (01 - )}eoj

_nlo (901%12 + (Bormo2 + Oo2)’ VVZ' n 901‘?)] s

oy* oy*

=E

eoj

o (9017T01Z + (Q017T02 + 0p2) Wz)

_Ele 01701 Zi + (Bo1702 + bo2)’ 80]-,
L \/20U*_UU+8010V

where the penultimate equality comes from taking expectation with respect to V,*, and the

last equality follows from equation (3.11).

Derivation of equation (5.19) is similar:

APE!" (0}.) =E [qﬁ <—96H:> @1 —E {(b <9017T612¢ + (01702 + o) Wi + 901‘/1*)] Oo;
J

oy* oyx oy* oyx
_ 1 E o 00170, Z; + (Oo1moz + Oo2) Wi to;
V140302, ok, opy/1+ 040t [ob. oy

90]‘

_E o Oo1701 Z; + (Bo1mo2 + 902)/VVi
V208, — ot + 63,08

A.3 Proof of Proposition 8.2

First, parameters my are immediately identified from the first stage regression.

Let Q; = 7y Zi + 1o Wi, so X; = Q; +V;. Since 7 is identified, Q); is effectively observed.
First, notice that the p.d.f. of the joint distribution of Y;* and X; given (); and W is given
by

fY*X\QW (y,x!q,w) = fY*V\QW (Z/, T — Q\q, w)
= fUV (Z/ - (901 (q + U) + 962'11)) 7U|q7 U)) |v=x7q
= fUV (y — (o + Opw) , x — q)

= ZPM (O + Ogow) , & — G; v, Suvie)-
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Then,
frexiow (y, zlq, w) if y > 0;
ff)oo fyexjow (t,z|q,w)dt if y = 0.

Consider the part of function fy xjqw (y, z|¢, w) for y > 0. Since all the involved variables

fYX|QW (y, $|C], w) = {

are observed, this function is identified nonparametrically for all y > 0 and z, ¢, w (in the sup-
port of the respective random variables). Since function fy«xjqw (v, z|q, w) is entire (for any
fixed x, ¢, w), identification of fyxjow (v, z|g, w) for y > 0 implies that fy-xjow (v, z|q, w) is
identified for all y and x, ¢, w.

Thus, identification of the model using the data on (Y;, X;, Z;, W;) is equivalent to iden-
tification of the model using the data on (Y;*, X;, Z;, W;). Then, 0, is identified by the linear
IV regression argument. Hence, U; = Y — 01 X; — 00,W; and V; = X; — Q; are effectively
observed, and their joint density fyv (u,v) (without any truncation) is identified, which in

turn implies that {pg, povi, EUV,k}f:l are identified. O

A.4 Proof of Proposition 8.3

First, notice that Z is a valid identified set, i.e., o%. € T is a necessary requirement. Indeed,
in the proof of Proposition 3.1, we demonstrated that oZ. € Zj, is a necessary requirement
(notice that the same argument applies because Xy, is equal to Xy, for some j and ¢
satisfying the requirements in equation (8.20)). Since this has to hold for all £ € {1,..., K},
ot € . Zx = T is also a necessary requirement.

Next, we demonstrate that Z is sharp. As in the proof of Proposition 3.1, if 6y = 0, the
identified set is a singleton, and the statement is trivial. Below, we consider 6y; # 0.

Let {pv+jo, u+v+ jo ZU*V*JO};I:I and {p5730,/L57@0, agﬂ)}j:l denote the true values of the
(structural) parameters that map into the joint distribution of (U;,V;) according to equa-
tion (8.20).

To demonstrate that Z is sharp, we will show that for any o7. € Z, there exist a com-
patible set of parameters {py« ;, po=v+ ;, ZU*V*,]-};.IZI and {pg,g, He. 0, aiz}j:l mapping into the
same distribution of (U;, V;) as the true parameters and hence producing the same distribu-
tions of observables.

In, particular we will start with showing that for any o7. € Z there exist compatible
03 ; >0, 02, >0, and oy-y-; satisfying gy ; < 03,07 ; mapping into the same collec-
tion of Xyv 0 for j e {1,...,J}tand ¢ € {1,...,L}.

Take any of. € Z. First, notice that, for any (7, ), there exists k(j, ¢) such that Xy, =

Yuvje satisfying the requirements in equation (8.20). Since 0. € Ty(j,0), there exist unique
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U‘Q/WZ, vajz, and op-y+j; consistent with Xyy ;0 = g (as demonstrated in the proof of
Proposition 3.1). This triplet is computed using equation (A.3) for any (j,¢).

Next, we need to show that these triplets are also internally consistent along the 5 and
¢ dimensions, i.e., that J%/*’je = 0‘2/*0-[, = J%/*,j and oy«y=ji = Oysy= ¢ = op=y+; for any
6,0 € {1,...,L}, and, similarly, 02, = 02, = 02, for any j,j' € {1,...,J}. Notice that

according to equation (8.20), we also have

2 2 2 2 2
(UU,jz UUV,M) _ < o0+ 051020 UV jo _901Us,éo>

2 2 2 2
ouvie Oy ousvejo — 00102 Oy jo+ 0z

Using the relationship above and the expressions for o3.. ;, and gg+y- j¢ obtained in the proof

of Proposition 3.1, for any ¢ we have

0\2/*,j£ = 0\2/,3'6 - (0l2],j£ — o) /05, = 0\2/*,;'0 — (00 — 07) /01 = 0\2/*,3'7

Ou+v+jt = OUV,jt + (O'?]’jé — 0'(2]*)/901 = OyU*v+,j0 + (0'12]*0 — 0'[2]*)/901 = Oyu*v+j,

where the last equalities in both lines provide consistent definitions of 0‘2/*’]- and opey- j,

which do not depend on ¢. Similarly, for any j, we have

2 2 2 2 2 2 2 2 2
Ocje = (JU,jé — o) /06 = Oz + (000 — o) /001 = Ot
where the last equality defines afjg, which does not depend on j.

. . . J
Finally, notice  that, by  construction, {pv~ jo, bu=v+ jo Z]U*V*J]»j:1 and
{p&go, Le 00, 0376}521 map into the same joint distribution of (U;,V;) as the true pa-

J L . .
rameters {pv- jo, v+ jo, Bu=v=jot;_; and {Pe 10, 112,00, aiéo}ezl. Since we picked an

arbitrary o?. € Z, this completes the proof that Z is sharp. O
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